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Abstract
We show that every Gaussian mixed quantum state can be disen-
tangled by conjugation with a unitary operator. The main tools we use
are the Werner–Wolf condition for separability on covariance matrices
and the symplectic covariance of Weyl pseudo-differential operators.
Abstract
Nous montrons que chaque e´tat quantique Gaussien peut-eˆtre rendu
se´parable (= “de´sintrique´”) par conjugaison avec un ope´rateur unitaire
associe´ a` une rotation symplectique. Pour cela nous utilsons la con-
dition de se´parabilite´ de Werner et Wolf sur la matrice de covariance
ainsi que la covariance symplectique des ope´rateurs pseudo-diffe´rentiels
de Weyl.
Let R2n = R2nA⊕R2nB be the phase space of a bipartite system (nA ≥ 1,
nB ≥ 1). We will use the following phase space variable ordering: z =
(zA, zB) = zA ⊕ zB with zA = (x1, p1, ..., xnA , pnA) and zB = (xnA+1, pnA+1,
..., xn, pn). We equip the symplectic spaces R
2nA and R2nB with their canon-
ical bases. The symplectic structure on R2n is then σ(z, z′) = Jz · z′ with
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J = JA ⊕ JB where
JA =
nA⊕
k=1
Jk , Jk =
(
0 1
−1 0
)
and likewise for JB . Thus JA (resp. JB) determines the symplectic structure
on the partial phase space R2nA (resp. R2nB).
Let Σ be a real positive definite symmetric 2n× 2n matrix (to be called
“covariance matrix” from now on) and consider the associated normal prob-
ability distribution
ρ(z) =
1
(2pi)n
√
detΣ
e−
1
2
Σ−1z2 . (1)
If the covariance matrix satisfies in addition the condition
Σ +
i~
2
J ≥ 0 (2)
(J the standard symplectic matrix) then ρ is the Wigner distribution of
a mixed quantum state, identified with its density operator ρ̂. We notice
that property (2) crucially depends on the numerical value of ~ (see [2,
5]). We will say that ρ̂ is “AB-separable” if if there exist sequences of
density operators (ρ̂Aj ) and (ρ̂
B
j ) on L
2(RnA) and L2(RnB ), respectively and
coefficients λj ≥ 0 summing up to one, such that
ρ̂ =
∑
j
λj ρ̂
A
j ⊗ ρ̂Bj (3)
where the convergence is for the trace-class norm. The problem of determin-
ing necessary and sufficient conditions for a density operator to be separable
is still very largely open; while there exist necessary conditions, no simple
sufficient condition for separability is known in the general case; for a re-
cent up to date discussion see Lami et al. [7]. Werner and Wolf [9] have
proven that in the Gaussian case ρ̂ is separable if and only if there exists a
2nA × 2nA covariance matrix ΣA and a 2nB × 2nB covariance matrix ΣB
such that the following conditions hold:
ΣA +
i~
2
JA ≥ 0 (4)
ΣB +
i~
2
JB ≥ 0 (5)
Σ ≥ ΣA ⊕ ΣB . (6)
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The aim of this Letter is to prove that for every Gaussian density op-
erator there exists a unitary transform Û such that Û ρ̂Û−1 is a separable
Gaussian state:
Theorem 1 Let ρ̂ be a density operator with Gaussian Wigner distribution
(1). There exists a symplectic rotation U ∈ U(n) (= Sp(n)∩O(2n,R)) such
that Û ρ̂Û−1 is separable where Û ∈ Mp(n) is any of the two metaplectic
operators covering U .
Proof. We begin by recalling [4, 3] that the quantum condition (2) is
equivalent to the statement:
There exists S ∈ Sp(n) such that SB2n(
√
~) ⊂ ΩΣ (7)
where Sp(n) is the symplectic group of the phase space R2n ≡ Rnx × Rnp
equipped with the standard symplectic form
σ = dp1 ∧ dx1 + · · ·+ dpn ∧ dxn ,
B2n(
√
~) is the phase space ball defined by |z| ≤ ~ and ΩΣ the covariance
ellipsoid of ρ̂:
ΩΣ = {z ∈ R2n : 12Σ−1z2 ≤ 1} .
Let S = PR (P = (STS)1/2, R = (STS)−1/2S) be the symplectic polar
decomposition [3] of S ∈ Sp(n), that is P ∈ Sp(n), P > 0, and
R ∈ U(n) = Sp(n) ∩O(2n,R) .
We have SB2n(
√
~) = PB2n(
√
~) by rotational symmetry of the ballB2n(
√
~).
There exists a symplectic rotation U ∈ U(n) diagonalizing P [3]:
P = UT∆U (8)
where ∆ ∈ Sp(n) is a diagonal matrix whose form will be discussed in
a moment. The inclusion SB2n(
√
~) ⊂ ΩΣ in (7) is thus equivalent to
∆B2n(
√
~) ⊂ U(ΩΣ), that is
∆B2n(
√
~) ⊂ ΩΣU (9)
where ΣU = UΣU
T . This inclusion is equivalent to the matrix inequality
~
2
∆2 ≤ ΣU (10)
3
(A ≤ B meaning that B−A is positive semidefinite). We next note that ΣU
is the covariance matrix of the density operator ρ̂U with Wigner distribution
ρU (z) = ρ(U
T z) that is
ρU (z) =
1
(2pi)n
√
detUΣUT
e−
1
2
Σ−1UT z·UT z .
Recall now the following symplectic covariance property: if Â = OpW(a)
is a Weyl operator with symbol a and Ŝ ∈ Mp(n) a metaplectic operator
covering S ∈ Sp(n) then
ŜOpW(a)Ŝ−1 = OpW(a ◦ S−1) (11)
(see for instance [8] or [3], Ch.7). Applying this covariance formula to ρ̂ =
(2pi~)nOpW(ρ) yields since UT = U−1,
ρ̂U = Û ρ̂Û
−1 (12)
where Û is anyone of the two metaplectic operators ±Û covering U . We
claim that ρ̂U is separable. To see this, let us come back to the diagonal ma-
trix ∆ appearing in the factorization P = UT∆U (8). Its diagonal elements
are the eigenvalues λ1, ..., λ2n of the positive definite symplectic matrix P
and are therefore [1, 3] appear in pairs (λ, 1/λ) with λ > 0. In fact, in the
AB-ordering we are using, the matrix ∆ has the form ∆ = ∆A ⊕∆B with
∆A =
nA⊕
k=1
∆k , ∆B =
n⊕
k=nA+1
∆k
and ∆k =
(
λk 0
0 λ−1k
)
for k = 1, ..., n. Clearly ∆A ∈ Sp(nA) and ∆B ∈
Sp(nB). The symmetric matrices
ΣA =
~
2
∆2A , ΣB =
~
2
∆2B
trivially satisfy ΣA +
i~
2
JA ≥ 0 and ΣB + i~2 JB ≥ 0. In view of (10) we have
ΣA ⊕ ΣB ≤ ΣU
and the theorem now follows using the Werner–Wolf conditions (4)—(6).
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